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It is shown that an absolutely irreducible homogeneous cubic polynomial
f # Z[x0 , x1 , x2] is also absolutely irreducible mod p if p>1248H 6 where H is the
height of f. Modulo a general number theoretic conjecture an example shows that
the result is best possible.  1996 Academic Press, Inc.
1. Introduction
It is a well known fact that an absolutely irreducible polynomial with
rational coefficients stays absolutely irreducible when reduced modulo p for
all but finitely many primes p. In [R, Satz B$] this statement was made
effective and we obtained:
Theorem 1. Let f # Z[x0 , ..., xn] be an absolutely irreducible homo-
geneous polynomial of degree d and height H (=maximum of the absolute
values of the coefficients of f ). If p is a prime and
p>_\n+dn + } d 3 } 3d&
d2&1
} H d2&1
then the reduction f mod p is also absolutely irreducible.
The obvious question is: How sharp is the estimate in the theorem? It
turned out that the important case is the case n=2 where the polynomials
define plane projective curves f (x0 , x1 , x2)=0. In this case we proved
[R, Satz B]:
Theorem 2. Let f # Z[x0 , x1 , x2] be an absolutely irreducible homo-
geneous polynomial of degree d and height H. If p is prime and
p>d 3d2&3 } H d2&1
then f mod p is absolutely irreducible.
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To construct examples testing the quality of the theorem it is useful to
assume that Bouniakowsky's conjecture holds [B]:
Conjecture 1 (Bouniakowsky). If F # Z[t] is an irreducible polyno-
mial and N=gcd[F(n) : n # N] then there are infinitely many n # N such
that |F(n)N| is prime.
(A generalization of Bouniakowsky's conjecture is Schinzel's hypothesis
H. See [S].)
Now the quality of the theorem is shown by the following statement [R,
Ergebnis, p. 188 and p. 190]:
Proposition 1. If the Bouniakowsky conjecture is true then there exists
for every d2 a constant C(d)>0 and infinitely many homogeneous polyno-
mials f # Z[x0 , x1 , x2] of degree d with the following property: There is a
prime p with
p>C(d) } H( f )3(d&1)
such that f mod p is reducible over F p .
So we see that for d3 there is a gap in the exponents of H( f ) in
Theorem 2 (H d 2&1) and Proposition 1 (H 3(d&1)). This paper will close the
gap for d=3. Theorem 2 gives for d=3 the condition p>324 } H8=(27H)8.
We will show:
Theorem 3. If f # Z[x0 , x1 , x2] is an absolutely irreducible
homogeneous cubic polynomial with height H then f mod p is absolutely
irreducible for every prime p with
p>1248H 6 or p>(3.3H)6.
Modulo the constant this is the best possible result one can reasonably
expect. Here is an explicit example taken from [R, p. 188]:
Example. Consider the polynomial
fn=x30+2x
2
0 x1+(n+5) x
2
0 x2+(n+2) x0 x
2
1+6x0 x1 x2
+(3n+5) x0 x22+(n&2)x
3
1&x
2
1 x2+(&5n+2) x1 x
2
2+(&n&2)x
3
2 .
It is absolutely irreducible for every n # N. If
pn=P(n)=n6+6n5&12n4+20n3&21n2&12n+37
is prime then f mod p is reducible. In this case pnt156 H( fn)6 for large
n. If the irreducible polynomial P(n) represents infinitely many primes then
we see that the exponent 6 in Theorem 3 cannot be improved.
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Now we come to the proof of Theorem 3.
Usually we write a homogeneous cubic polynomial in the form
f =a0 x30+a1 x
2
0 x1+a2 x
2
0 x2+a3 x0 x
2
1+a4 x0 x1 x2+a5 x0 x
2
2
+a6 x31+a7 x
2
1 x2+a8 x1 x
2
2+a9 x
3
2 .
Such a polynomial defines a plane cubic curve f (x0 , x1 , x2)=0. We dis-
tinguish two cases:
1. The curve f (x0 , x1 , x2)=0 is nonsingular (Section 2),
2. the curve f (x0 , x1 , x2)=0 is singular (Section 3).
In the second case we will obtain even better results than those of
Theorem 3.
2. The Case That the Curve f (x0 , x1 , x2)=0 Is Nonsingular
We already dealt with this in [R]. There we obtained the bound [R, Satz 5]
p>156H 6=(15H)6.
We review the proof and strengthen the result a little bit.
The essential ingredient is the discriminant for plane cubics. This is a
homogeneous polynomial of degree 12 in a0 , ..., a9 and vanishes exactly if
the curve is singular. In [R, p. 181183] we gave a construction of the dis-
criminant according to Sylvester: Consider the matrix
M=
3a0 2a1 2a2 a3 a4 a5 0 0 0 0
0 3a0 0 2a1 2a2 0 a3 a4 a5 0
0 0 3a0 0 2a1 2a2 0 a3 a4 a5
a1 2a3 a4 3a6 2a7 a8 0 0 0 0
0 a1 0 2a3 a4 0 3a6 2a7 a8 0
0 0 a1 0 2a3 a4 0 3a6 2a7 a8
a2 a4 2a5 a7 2a8 3a9 0 0 0 0
0 a2 0 a4 2a5 0 a7 2a8 3a9 0
0 0 a2 0 a4 2a5 0 a7 2a8 3a9
0 0 0 0 d1 d2 0 d3 d4 d5
with
d1=27a0 a6 a9&3a0 a7 a8&3a1 a3 a9+a1 a5 a7+a2 a3 a8&3a2 a5 a6
d2=18a0 a7 a9&6a0 a28&3a1 a4 a9+2a1 a5 a8+a2 a4 a8&2a2 a5 a7
d3=18a1 a6 a9&2a1 a7 a8&6a23 a9+a3 a4 a8+2a3 a5 a7&3a4 a5 a6
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d4=12a1 a7 a9&4a1 a28+18a2 a6 a9&2a2 a7 a8&9a3 a4 a9
+6a3 a5 a8+a24 a8&a4 a5 a7&6a
2
5 a6
d5=12a2 a7 a9&4a2 a28&3a
2
4 a9+4a4 a5 a8&4a
2
5 a7 .
It turns out that det(M) is divisible by 27. The discriminant is then
D(a0 , ..., a9)=
1
27
det(M).
It is not difficult to check that D(a0 , ..., a9) # Z[a0 , ..., a9] describes the
singular cubics in every characteristic. Expanding the determinant (with
MAPLE) one finds that the sum of the absolute values of the coefficients
of D(a0 , ..., a9) is 1556518.
Therefore if f defines a nonsingular curve then
0{|D( f )|=|D(a0 , ..., a9)|1556518 } H( f )12.
Now assume that p is a prime such that f mod p is reducible over F p . Then
the curve f mod p=0 is a line plus a conic and we showed in [R] that p2
divides D( f ) (because a line and a conic intersect in two points and this
gives two singularities). Especially
p2|D( f )|1556518 } H 12
which gives
p<1248 } H 6<(3.3H)6.
Therefore if p is a prime with p>1248H 6 then f mod p is absolutely
irreducible. This proves Theorem 3 in this case.
3. The Case That the Curve f (x0 , x1 , x2)=0 Is Singular
Let f (x0 , x1 , x2)=a0 x30+a1 x
2
0 x1+ } } } +a9 x
3
2 be a homogeneous cubic
polynomial with a singular point in (s0 : s1 : s2). This means
f0=3a0 s20+2a1 s0 s1+2a2 s0 s2+a3 s
2
1+a4 s1 s2+a5 s
2
2=0
f1=a1 s20+2a3 s0 s1+a4 s0 s2+3a6 s
2
1+2a7 s1 s2+a8 s
2
2=0
f2=a2 s20+a4 s0 s1+2a5 s0 s2+a7 s
2
1+2a8 s1 s2+3a9 s
2
2=0.
We work over an arbitrary algebraically closed field. We are looking for a
criterion when f is reducible.
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At first we consider the case that s0{0. The Taylor expansion in the
singular point is
f \1, s1s0+u,
s2
s0
+v+=g0(u, v)+h0(u, v)
with
g0(u, v)=
a3 s0+3a6 s1+a7 s2
s0
u2+
a4 s0+2a7 s1+2a8 s2
s0
uv
+
a5 s0+a8 s1+3a9 s2
s0
v2
h0(u, v)=a6 u3+a7 u2v+a8 uv2+a9 v3.
It is easy to see [R, Lemma 7] that f =0 is reducible iff g0(u, v) and
h0(u, v) have a linear factor in common, i.e., if the resultant of g0 and h0
is zero:
resultant(g0 , h0)=resultantu (g0(u, 1), h0(u, 1))
=resultantv (g0(1, v), h0(1, v)).
Using MAPLE one finds that
resultant(g0 , h0)=
R0
s30
where R0 is a polynomial homogeneous in ai of degree 5 and homogeneous
in sj of degree 3.
If s1{0 one gets in the same way
f \s0s1+u, 1,
s2
s1
+v+=g1(u, v)+h1(u, v)
where g1(u, v) is quadratic and h1(u, v) is cubic. Then
resultant(g1(u, v), h1(u, v))=
R1
s31
.
If s2{0 one gets
f \s0s2+u,
s1
s2
+v, 1+=g2(u, v)+h2(u, v)
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and
resultant(g2(u, v), h2(u, v))=
R2
s32
,
where again R1 and R2 are bihomogeneous in ai and sj of bidegree (5, 3).
An important fact is that
R0
s60
=
R1
s61
=
R2
s62
.
Proof. Suppose we have s0 , s1{0. Then we can eliminate a0 from the
equation f0=0, a1 from f1=0 and a2 from f2=0. Now one checks at once
with the computer that R0 s60=R1s
6
1 . The other cases are similar. K
Now one can try to simplify the expressions for the Ri . If one introduces
P0=27a29 a
2
6+4a6 a
3
8&18a6 a8 a9 a7&a
2
7 a
2
8+4a
3
7 a9 ,
P1=27a29 a
2
0+4a0 a
3
5&18a0 a5 a9 a2&a
2
2 a
2
5+4a
3
2 a9 ,
P2=27a26 a
2
0&18a0 a3 a6 a1+4a0 a
3
3+4a
3
1 a6&a
2
1 a
2
3 ,
then one finds
Ri&Pi f (s0 , s1 , s2)=s2i Si ,
where Si is bihomogeneous of bidegree (5, 1) in ai and sj . Using the fact
that f (s0 , s1 , s2)=0 one obtains
R=
R0
s60
=
R1
s61
=
R2
s62
=
S0
s40
=
S1
s41
=
S2
s42
where one has to forget Ri s6i and Sis
4
i if si=0. With the notations just
introduced we have:
Lemma 1. Let f (x0 , x1 , x2) be singular in (s0 : s1 : s2) and assume that
si{0 for one i. Then f is reducible if and only if R=Sis4i =0.
By the above construction it is easy to calculate Si with the computer.
Doing this one finds that the sum of the absolute values of the coefficients
of Si is 275 for each i.
Now we go back to arithmetic. Let f # Z[x0 , x1 , x2] be absolutely
irreducible and singular in (s0 : s1 : s2). An irreducible cubic can have at
most one singular point. Therefore we can assume that s0 , s1 , s2 # Z and
gcd(s0 , s1 , s2)=1. The equations
s40 R=S0 , s
4
1 R=S1 , s
4
2 R=S2
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imply that R # Z because S0 , S1 , S2 # Z. Take
S=max(|s0| , |s1| , |s2| ) and H=max( |a0| , ..., |a9| ).
As Si is bihomogeneous of bidegree (5, 1) in ai and sj and the sum of the
absolute values of the coefficients of Si is 275 one sees that
|Si |275H 5 } S.
This implies
|R| } S 3275H 5.
As f is absolutely irreducible we have R{0.
Now if f mod p is reducible over F p then by our lemma R#0 mod p and
p | R. But S1 and therefore p275H 5. Therefore if p is a prime with
p>275H 5 then f mod p is absolutely irreducible. This completes the proof
of Theorem 3 in the case that f (x0 , x1 , x2)=0 is singular.
But it is easy now to formulate a much stronger result than Theorem 3
for singular curves. It follows directly from the above inequality
|R| } S 3275H 5:
Theorem 4. Let f # Z[x0 , x1 , x2] be an absolutely irreducible homo-
geneous cubic polynomial with height H and a singular point in (s0 : s1 : s2)
with si # Z and gcd(s0 , s1 , s2)=1. Denote by
R$=` [p : f mod p is reducible over F p] and S=max(|s0| , |s1| , |s2| ).
Then we have
R$ } S 3275H 5.
We close by giving two examples that show that Theorem 4 is
reasonable.
Example A [R, p. 190]. Take
fn=x0(x21+nx
2
2)+(nx
3
1+2x
3
2).
fn is singular in (1 : 0 : 0). One calculates
R=n5+4.
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For n2 we have H=n and S=1. By the Bouniakowsky conjecture there
are infinitely many n such that n5+4 is prime. And therefore RtH 5.
Example B. If one chooses fn=a0 x30+ } } } +a9 x
3
2 with
a0=2n4+10n3+9n2+5n+4,
a1=&n6&7n5&16n4&10n3&51n2&21n&6,
a2=&n6&5n5+5n4+9n3+9n&9,
a3=&3n5+20n4+34n3+48n2+33n+12,
a4=&5n6&19n5+17n4&13n3&9n2&3n+18,
a5=&5n6&6n5+8n4&6n3+18n2&21n+6,
a6=&3n6+7n4&17n3&45n2&13n&5,
a7=&8n6+4n5+23n4+2n3&48n2+24n&9,
a8=&10n6+6n5+5n4+11n3&36n2+36n&12,
a9=&4n6+5n5&5n4+13n3&15n2+7n&1,
then fn is singular in (s0 : s1 : s2) where
s0=5n10+4n9+36n8+30n7+33n6+126n5&99n4
&171n3+108n2+27n&27,
s1=3n10+12n9+39n8+30n7+54n6&81n5+99n4
&126n3+81n2&27n,
s2= &2n10&11n9&24n8&36n7+15n6&18n5
&207n4+189n3+27n2&54n&27.
Now one checks that if n is an integer and
n1 mod 2, n0 mod 3, n2 mod 5, n13 mod 17, n26 mod 41
then gcd(s0 , s1 , s2)=1. In this case one calculates R=&1, i.e., fn is
absolutely irreducible modulo every prime number p. For large n one has
Ht10n6 and St5n10 and therefore
S 3t
1
800
H 5.
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